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Given the orthonormal basis of Hecke eigenforms in S2kðGð1ÞÞ; Luo established an
associated probability measure dmk on the modular surface Gð1Þ=H that tends weakly
to the invariant measure on Gð1Þ=H:We generalize his result to the arithmetic surface
G0ðNÞ=H where N51 is square-free. # 2002 Elsevier Science (USA)1. INTRODUCTION








(In particular, G0ð1Þ ¼ SL2ðZÞ:) Deﬁne S2kðG0ðNÞÞ to be the space of all
holomorphic cusp forms for G0ðNÞ of even weight 2k and the normalized
invariant measure dm by dm ¼ volðG0ðNÞ=HÞ1y2 dx dy:
With respect to the inner product







y2kf ðzÞgðzÞ dx dy
y2
; ð1:1Þ
S2kðG0ðNÞÞ is a ﬁnite-dimensional Hilbert space. Write J2k ¼
dim S2kðG0ðNÞÞ; and let f fj;kg14j4J2k be an orthonormal basis of




y2kj fj;kðzÞj2 dm; ð1:2Þ400
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EQUIDISTRIBUTION OF HECKE EIGENFORMS 401which was investigated by Luo [3] for the case N ¼ 1: In [3], it is proposed
that as an analogue of the unique quantum ergodicity conjecture for













 ¼ 0 ð1:3Þ
for any measurable A  G0ð1Þ=H: Luo [3] obtained a result on dmk which
supports conjecture (1.3). Our purpose is to show a generalization, which
suggests that (1.3) may hold for the arithmetic surface G0ðNÞ=H:
Theorem 1. For any measurable set A  G0ðNÞ=H; we have
Z
A







The implied constant in the O-term depends on N only.
Using formula (2.8) for J2k; we have







Remark. (1) The O-term in the case N ¼ 1 is slightly sharper than Luo’s
result.
(2) Our approach is started with Petersson’s trace formula, while Luo




 	  G0ðNÞ for all n 2 Z; we can take G0ðNÞ=H to be the
fundamental domain D in the vertical strip fz ¼ x þ iy: 04xo1; y > 0g;
containing the cusp 1: The volume of D; with respect to the measure y2
dx dy; is ½G0ð1Þ: G0ðNÞp=3: A set of inequivalent cusps in D for G0ðNÞ
is given by S ¼ f1=v: vjN; voNg [ f1g (see [1, Proposition 2.6]).















; w ¼ N=v
(note sa1 ¼ aÞ so that s1a Ua is a neighbourhood at the cusp1; and lies in
some vertical strip fz ¼ x þ iy: x  1; y > dag where da > 0: Certainly, we
can choose in such a way that Ua \ Ub ¼ | for aab: Denote U1 ¼
D  [aa1Ua and d1 ¼ minfIm z: z 2 U1g: Then, d1 > 0; and hence, d :
¼ minfda: a 2Sg > 0 which may depend on N but is independent of k:
Now let A  D; we deﬁne Aa ¼ A \ Uaða 2SÞ: Then, for any cusp form
f ; we have Z
Aa
y2kj f ðzÞj2 dm ¼
Z
s1a Aa
y2kj f jsaðzÞj2 dm;
where the slash operator is deﬁned by f jsðzÞ :¼ jsðzÞ2kf ðszÞðs 2 SL2ðRÞÞ;





where eðzÞ ¼ e2piz: The series converges absolutely and uniformly in any
vertical strip of ﬁnite width with Im z5e; for any given e > 0: This follows
immediately from the estimate fˆaðmÞ  mk (see [4, Corollary 2.1.6]).
Let B be an orthonormal basis in S2kðG0ðNÞÞ with respect to the inner
product (1.1). From [1, Theorem 3.6] with suitable adjustment, we get for
any m; n51;






¼ dmn þ 2pi2k
X
c0ðNÞ







where for a ¼ 1; Saaðm; n; cÞ ¼ Sðm; n; cÞ ¼
P
ad1ðcÞ eððma þ ndÞ=cÞ is the
usual Kloostermann sum, and for a ¼ 1=v;
Saaðm; n; cÞ ¼ e ðm  nÞ %v
w
 
Sðm; n; cÞ ð2:3Þ
with vw ¼ N and v%v  1 ðmod wÞ; by Iwaniec [1, Sect. 4.2].
EQUIDISTRIBUTION OF HECKE EIGENFORMS 403Finally, we want to evaluate J2k: To this end, we use the results in [2],
together with a simple reﬁnement of [2, (2.72)] (on the weight aspect).
Lemma 2.1. Let N be a fixed square-free integer and k be any sufficiently
large integer. Denote the set of all newforms in S2kðG0ðNÞÞ by H$k ðNÞ: For





where fðÞ is the Euler phi function, and the O-constant depends on N only.
Proof. From [2, (2.59), (2.62), (2.63) and (2.69)] with n ¼ 1; we see that












þ OðkNðX1 þ Y1=2ÞðkNXY ÞeÞ; ð2:4Þ
where D2k;Mðm; nÞ is deﬁned as in [2, (2.7)]. We shall take X ¼ k and Y ¼
k4=3: From [2, Proposition 2.1], we have
D2k;Mðm2; 1Þ ¼ dm2;1 þ 2pi2k
X
c0ðmod MÞ








m1D2k;Mðm2; 1Þ ¼ 1þ 2pi2kSðM;YÞ; ð2:5Þ














YUK-KAM LAU404this yields J2k1ð4pm=cÞ  32kc2 for m4k=ð4peÞ or c54peY=k











































eiðk1Þyþix sin y dy:
Then the sum over m is
X
K1omoK2















ðeiðk1Þy  eiðk1ÞyÞ dy:
Splitting the integral into two parts over ½0; p=2 k1=3e and ½p=2
k1=3e; p=2; respectively, the contribution from the second part is, by the




m1  k1 log k:
EQUIDISTRIBUTION OF HECKE EIGENFORMS 405We interchange the sum and the integral in the ﬁrst part. This gives
X
K1omoK2

















1 up þ k
1 log k
 k2=3þe
after substituting u ¼ sin y and usingPm4x eð2muÞ  minðx; j sinð2puÞj1Þ:
Inserting the above estimates into (2.7) and then (2.5), we get from (2.4) with







¼ 2k  1
12
fðNÞ þ Oðk1=3þeÞ:













ð1þ p1Þ þ Oðk1=3þeÞ;
where dðÞ is the divisor function. Using the result ½G0ð1Þ : G0ðNÞ ¼
N
Q
pjNð1þ p1Þ (see [1, Proposition 2.5]), J2k can be written as
J2k ¼ ½G0ð1Þ : G0ðNÞk
6
þOðk1=3þeÞ: ð2:8Þ
Remark. When N ¼ 1; it is known that J2k ¼ k=6þ Oð1Þ:
YUK-KAM LAU4063. SOME LEMMATA
Our ﬁrst lemma is a particular case of Lipschitz’s formula in [5, Sect. 37,
Chap. 5].


























 x þ n þ 1
2







r  a þ d
c
 2 ! 




Proof. For any 0oeo1=2 and y > e; we put We ¼ fl 2 C :  e=2o
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X1
m;n¼1













































ðy þ iðx þ m d=cÞÞð2kþlÞ ð3:1Þ
by Lemma 3.1. If we impose a further restriction jljoe=4; then the








¼ ð1 xÞ2k for jxjo1;









ððy  iðx þ n þ a=cÞÞðy þ iðx þ m d=cÞÞ þ ðl=cÞ2Þ2k:
Since this multiple series is absolutely convergent for l 2 We; we can extend
the range of l to the whole We by analytic continuation. The lemma follows
by taking l ¼ 1 and replacing m by n þ r; together with a simple
computation.






































Similarly, we can getZ 1
0





















¼ 21Gð2kÞ1Gðk  1=2ÞGðk þ 1=2Þ  22kk1=2:
Write f ðxÞ ¼ 4x=ððx þ 3=4Þ2 þ xÞ; then it is straightforward to see that f
is increasing on ð0; 3
4
Þ and decreasing on ð3
4
;1Þ: The maximum value is
f ð3
4
Þ ¼ 1: As
f ð3
4























































The last integral is computed by putting y2 ¼ 3
4






ðy2 þ 34Þ2 þ y2
 !k
dy 










































Let us recall that Aa ¼ A \Ua; a 2S: Hence s1a Aa  fz¼ xþ iy: jxj4C;
y5dg for some constant C > 0 (independent of a). (The value of d is chosen











y2kj fj;kjsaðzÞj2 dm ¼ S1 þ S2;
(4.2)























y2keððm nÞxÞe2pðmþnÞy dm; ð4:4Þ
where
C2k ¼ ½G0ð1Þ : G0ðNÞ p
3
ð4pÞ2k1
J2kGð2k  1Þ ð4:5Þ
and A ¼ fz þ %v=w: z 2 s1a Aag for a ¼ 1=v; and A ¼ A1 for a ¼ 1:
Let B > 0 be chosen such that jRe zj4B for any z 2A: Denote
AþðHÞ ¼A \ fz 2 C : Im z5Hg and AðHÞ ¼A \ fz 2 C : Im z4Hg:













=cÞ  Gð2k  1=2Þ1ð2p ﬃﬃﬃﬃﬃﬃmnp =cÞ2k1: Using Sðm;
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P
n2Z jy þ nij2k ¼ y2k þ 2
P




























y2keððm  nÞxÞe2pðmþnÞy dm:
Repeating the argument in handling Sþ2 to the summands in S

2 with c52=d;
each contributes at most Oðð2=cÞ2k1d2kk1=2Þ as z 2A satisﬁes Im z5d:




c52=d : The second
sum is d k1=2:
Let
Un;rðyÞ ¼ y2 x þ n þ 1
2
































To estimate (4.9), we shall consider the cases: jrj55; jrj ¼ 4; 3 and jrj42:
Denote





















S2 ðr; cÞ: ð4:11Þ
As jxj4B; we have for jnj5jrj þ 2B þ 2;
jx þ n þ 1
2
ðr þ ða  dÞ=cÞj5jnj  B  ðjrj þ 2Þ=25jnj=2
and hence Un;rðyÞ  y2n4  n4 (as d4y42Þ: While for jnjojrj þ 2B þ 2;
we use the fact jr  ða þ dÞ=cj is either 0 or 5c1: The former case yields
Un;rðyÞ  y2=ðy2 þ c2Þ2 from (4.8) and the latter one gives Un;rðyÞ 
y2=ðy2c2Þ: Thus, Un;rðyÞ  c2 in both cases. It follows immediately that for
all r; X
n2Z
Un;rðyÞ  c2ð1þ jrjÞ: ð4:12Þ
When jrj55; from a þ d4maxð2; 2c  2Þ; we have jr ða þ dÞ=cj5jrj 2



























When jrj ¼ 4; 3; we can still apply the previous argument, but now we get















If c ¼ 1 or 2, only a ¼ d ¼ 1 is possible and it infers that if c ¼ 2; Un;rðyÞ
422 (as jr  ða þ dÞ=cj52). The contribution of S2 ðr; 2Þ ðjrj ¼ 3; 4Þ is
S2 ðr; 2Þ  22k; ð4:15Þ
which is admissible. If c ¼ 1; then (4.8) becomes





EQUIDISTRIBUTION OF HECKE EIGENFORMS 413Thus, Un;rðyÞ4ðy2 þ 4Þ1 for jrj ¼ 4; Un;rðyÞ4y2=ððy2 þ 3=4Þ2 þ y2Þ for
r ¼ 3 and Un;rðyÞ41=25 for r ¼ 3: Therefore, after using (4.12),X
jrj¼3;4
S2 ðr; 1Þ  22k
Z 1
0















S2 ðr; cÞ  k1=2: ð4:17Þ
It remains to consider the case jrj42: We shall subdivide it into different




























(i) jrc  ða þ dÞj53: We have Un;rðyÞ4ðr  ða þ dÞ=cÞ24ðc=lÞ2:















l53 TðlÞ  ð2=3Þ2k:
(ii) jrc  ða þ dÞj ¼ 2: We have c2  ðr  ða þ dÞ=cÞ2=4 ¼ 0; so from







ðy2 þ 4Þ1k dy  k1=2;
with Lemma 3.3.








ðy2 þ 3=4Þ2 þ y2
 !k1
dy  k1=2:

















2 ðr; cÞ ¼
P1
l¼0 TðlÞ  k1=2
by (4.18). With (4.11), (4.13), (4.17), S2  k1=2; and S2  k1=2 by (4.6)
and (4.7).
To complete the proof of Theorem 1, it remains to evaluate S1 in (4.2).







































































































The main term is contributed by S1 ; which is evaluated as follows: by






































p Þ dm equals
R
A dmþ Oðk1=2Þ ¼R
Aa
dmþ Oðk1=2Þ; from the invariance of dm under the action of SL2ðRÞ:




































































n2t2 dt  1: Our desired result follows
with (4.1). ]
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